On the local property of ¦N̄, pn¦k summability of factored Fourier series  by Bor, Hüseyi̇n
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 163, 22CL226 (1992) 
On the Local Property of IN, P,,(~ 
Summability of Factored Fourier Series 
H~~SEY~N BOR 
Department of Mathematics, 
Erciyes University, 38039 Kayseri, Turkey 
Submitted by R. P. Boas 
Received September 22, 1989 
In this paper a general theorem on the local property of IN, pnlk summability of 
factored Fourier series has been proved. 0 1992 Academic press, Inc. 
Introduction. Let C a,, be a given infinite series with the partial sums 
(s,). Let (p,) be a sequence of positive real constants such that 
P,= f: py-+oo as n-co, (P-i=p-i=O, i> 1). (1) 
“=O 
The sequence-to-sequence transformation 
t, =$ i p,,s,, 
n v=o 
(2) 
defines the sequence (t,) of the (R, p,) means of the sequence (3,) 
generated by the sequence of coefficients (p,). The series C a, is said to be 
summable IN, pnlk, k> 1, if (see [2]) 
(3) 
In the special case when p,, = 1 for all values of n (resp. k = l), IN, pnlk 
summability is the same as 1 C, 1 Ik (resp. IN, pnl ) summability. Also if we 
take k = 1 and pn = l/(n + l), summability In, p,,lk is equivalent to the 
summability IR, log n, 1 I. 
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For any sequence (c,) we use the following notation 
Ac,=c,--c,+l, A*c, = A(Ac,). 
A sequence (I*,) is said to be convex if A’I.,, 2 0 for every positive 
integer n. 
Let f(t) be a periodic function with period 2x, integrable (L) over 
( -71, n). Without any loss of generality we may assume that the constant 
term in the Fourier series of ,f(t) is zero, so that 
and 
f(t)- f (a,cosnt+b,,sinnt)= f A,,(t). (5) 
II=1 n=l 
2 
Mohanty [6] has demonstrated that the summability (R, log n, 1 I of 
c 
A,(f) 
log@ + 1) 
at t = x is a local property of the generating function of C A,(t). 
Matsumoto [4] improved this result by replacing the series (6) by 
c {loglo,“(f:’ 1))1+e ; &‘O. 
(6) 
(7) 
Generalizing the above result Bhatt [l] proved the following theorem. 
THEOREM A. Zj’ (A,,) is a convex sequence such that C nP’,I,, is 
convergent, then the summability 1 R, log n, 11 of the series C A,,(t) i,, log n 
at a point can be ensured by a local property. 
Mishra [S] has proved Theorem A in the form of the following theorem. 
THEOREM B. Let the sequence (p,) be such that 
P, = O(np,) (8) 
Pn AP, = O(P, in + I ). (9) 
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Then the summability Im, p,,l of the series 
f A,(t) AJhpn)-‘, (10) 
n=l 
where (I.,) is as in Theorem A, at a point can be ensured by a local property. 
Recently Bor [3] has generalized Theorem B for l&r, p,Jk summability 
provided that k 2 1. His theorem is as follows. 
THEOREM C. Let k > 1 and let the sequence (p,) be such that conditions 
(8) and (9) of Theorem B are satisfied. Then the summability IiV, p,,( k of the 
series (lo), where (A,,) is as in Theorem A, at a point can be ensured by a 
local property. 
3 
The aim of this paper is to generalize the above theorems under more 
appropriate conditions than those given in the above theorems. Now, we 
shall prove the following: 
THEOREM. Let k 2 1 and let the sequences (p,) and (I,) be such that 
AX, = O( l/n) (11) 
(12) 
where X,, = P, fnp,. Then the summability IN, pnJk of the series 
(14) 
at a point can be ensured by a local property. 
Remark. It is known (see [l]) that if (1,) is a convex sequence and 
C n - ‘A, is convergent, then 
;1,21,+, 20, &logn=o(l), and c log n Al, < co, 
so that (13) is a natural condition to impose. 
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4 
We need the following lemma for the proof of our theorem. 
LEMMA. Let k > 1 and let the sequences (p,) and (2,) he such that condi- 
tions (11 t( 13) of the theorem are satisfied. If (s,,) is bounded, then the series 
is summable Ifl, pnlk. 
(15) 
Proof Let (T,) denote the (N, p,) means of the series (15). Then, by 
definition, we have that 
=+ i (P,-P ,,-I )a,,h,.X,w x,=0. 
n ,,=(I 
Then, for n 2 1, we have 
By Abel’s transformation, we get 
T,- T,-,= --.&- 
n-l 
c P”S”JLX,, + ~ 
P,P”-I v=, 
s,, X,. P,. A& 
= TV*, + Tn,z + Tn.3 + Tn.42 say. 
To complete the proof of the Lemma, by Minkowski’s inequality, it is 
sufficient to show that 
.,c, (P,/P,)~~ ’ I T,,,lk < a, for r = 1, 2, 3,4. 
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Now, applying Hiilder’s inequality, we have 
m+l 
1 R/P,)k-l ITn,llk 
n = 2 
m+l 
<c’- 
i 
n-l 
n=2 pnpn-1 
“C, b”lk IAlk PJ, k}x{jFJ Pvi*’ 
= O(1) i py jS,lk (IZ,JkXff y JL- 
v=t n=y+ 1 p?Ipn-1 
=0(l) i X+I”lk 
“Sl 1’ 
=0(l) f x:++(1) 
“=I 
as m-too, by (12) and hypothesis. 
Since 
by (13), we have that 
mtl m+1 
.c, (pnhn)k-l lWk~ ,z2 p n {‘f x2’, 1% Id}* 
n ;k n-1 “=l 
m+l 
<CA 
n-l 
n=2 pnpn-1 
1 X! b,lk Pv l&l 
“=l 
=0(l) f X;ri’” 1A12,1 mil -&- 
v=l n=“+, pap,-1 
= O(1) 2 A--: (A”( = O(1) as m-,co, 
“=l 
by (13) and the hypothesis of the lemma. 
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Using the fact that AX, = O( l/v), by (11 ), we have that 
m+l 
1 wPn)k-l IL,31k 
n=2 
m+l 
= ,,c, +J 1;:; p.i..,,JX/* 
n 
m+l 
=0(l) c p, 
n-2 elpl-, 
Pi+1 
=0(l) J2 +-{Y PVX, lv”,,+,l]A 
n n-1 V=l 
=0(l) as m+co, by (12) and the hypothesis of the lemma. 
Finally, we have that 
=0(l) 5 x;-l!2$= O(l) as m-co, 
n=l 
by (12) and the hypothesis of the lemma. 
Therefore, we get 
.g, wP,)“-’ I~n,rlk=W) as m-+x, for r = 1, 2, 3, 4. 
This completes the proof of the lemma. 
226 HtiSEYiN BOR 
5 
Proof of the Theorem. Since the behaviour of the Fourier series, as far 
as convergence is concerned, for a particular value of x depends on the 
behaviour of the function in the immediate neighbourhood of this point 
only, hence the truth of the theorem is a necessary consequence of the 
lemma. 
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